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INTRODUCTION. 


Tue present number of the Gazette has been prepared in honour of Mr. E, 
M. Langley, the founder, and Mr. W. J. Greenstreet, the present editor, 
who has recently brought out the hundredth number. 

A short account of the origin and subsequent progress of the Gazette may 
be of interest. 

The Association for the Improvement of Geometrical Teaching was founded 
in 1876 by a number of enthusiastic mathematicians, who from experience as 
teachers had reached the conviction that Euclid was not a suitable introduc- 
tion to geometry for the ordinary immature mind. 

The first president was Dr. Hirst, the first director of Naval Education; 
and Canon Wilson and Mr. Bushell, who are happily still with us, were 
among the most energetic promoters of the Association. 

For several years much steady work was accomplished, and the publication 
of the Annual Reports, the nineteenth and last of which appeared in 1893, 
secured some attention to the views of the Association. Outline schemes 
were drawn up and published, and a text-book, largely due to the late 
R. B. Hayward, appeared. But, chiefly because examining bodies declined to 
permit any modification in Euclid’s sequence, the action of the Association 
produced no immediate result, though doubtless the ultimate success of the 
reform movement was prepared. 

In these circumstances the scope of the Association tended to widen, and in 
1891 the first part of a syllabus of Linear Dynamics was issued. 

It was in 1893 that Mr. E. M. Langley put forward the suggestion that 
there was room in this country for a journal devoted to elementary mathe- 
matics on the lines of Vuibert’s Journal des Mathématiques Elémentaires. 

In answer to a circular sent out by the Council, promises of financial sup- 
port were obtained, Dr. Besant writing a letter warmly approving of the 
scheme. Mr. Langley undertook the editorship, and the first number of the 
Mathematical Gazette, a Terminal Journal for Students and Teachers, appeared 
in April, 1894, followed by five other numbers, all in quarto form. Mr. E. M. 
Langley was compelled by stress of work to resign the editorship after the 
appearance of the sixth number in October, 1895, though he has, as readers 
of the Gazette know, always continued to be an active contributor to its 
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pages. The editorship was assumed by Dr. F. 8S. Macaulay, and at his sug- 
gestion the shape of the Gazette was changed to its present form. From the 
outset the Gazette had not confined itself to geometrical topics, and with the 
change to octavo form the scope was definitely widened to include the whole 
range of educational mathematics. 

Asa natural consequence it was decided at the annual meeting in March, 
1897, to change the name of the Association to its present form,* “The Mathe- 
matical Association, an Association of Teachers and Students of Elementary 
Mathematics.” At this point in the story, with the passing of the old title, 
2 may be well to set outa list of the presidents of the A.I.G.T. and of 
the M.A.: 


1876. J. A. Hirst. 1899. R.S. Ball. 
1878. R. B. Hayward. 1901. J. Fletcher Moulton. 
1889. G. M. Minchin. 1903. <A. R. Forsyth. 
1891. J. J. Sylvester. 1905. G. B. Mathews. 
1892. C. Taylor. 1907. G. H. Bryan. 
1893. R. Wormell. 1909. H. H. Turner. 
1895. J. Larmor. 1911. E. W. Hobson. 
1897. A Lodge. 1913. Sir George Greenhill. 
Dal 
> 
= = 
— + + - +-+— + +—+4- +--4-+-— 
SSE SE SSSR SSS SS SSS 
4 
+ 
t 
i Tie 
t 
+—} 4. 


1898 1900 1902 1904 1906 1908 1910 1912 YEARS A.D. 


GRAPH OF MEMBERS OF THE MATHEMATICAL ASSOCIATION, 1898-1912. 
H. D. Euwis, Joint Hon. Seerctary. 


* The felicitous motto, ‘‘I hold every man a debtor to his profession . . . ,” was placed 
by the present Editor on the cover of No. 26. 
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The development of the sections of the Gazette dealing with examination 
questions and solutions led Dr. Macaulay to call in the assistance of Messrs. 
KF. W. Hill and W. J. Greenstreet, whose names are added to that of S. F. 
Macaulay as co-editors in the number for October, 1897 (No. 12). The 
retirement of Messrs. Hill and Macaulay from the effective editorship was 
brought about by the pressure of other work in 1899, and No. 16 (Feb. 1899) 
was “edited by W. J. Greenstreet with the co-operation of Dr. Macaulay and 
Professor H. W. Lloyd Tanner.” Mr. (uow Professor) E. T. Whittaker’s 
name was added as co-operator in No. 19 (Feb. 1900). Since that date there 
has been no change in the editorial staff. 

And now the labours of the A.L.G.T. and other zealous advocates of 
improvement in geometrical teaching were at last to bear fruit. 

In 1901 what is called the “Perry Movement” was started. At the 
Glasgow meeting of the British Association in Sept. 1901, after a joint discus- 
sion between section A and section L on the teaching of mathematics, opened 
by Professor John Perry, a strong committee of the Association was formed 
under the cbairmansbip of Professor Forsyth. This committee met frequently 
during the autumn of 1901, and drew up a series of general suggestions, feeling 
that they were not called upon to elaborate details. In 1901 Professor A. 
Lodge, who was a member of the British Association Committee, pressed 
upon the Council of the M.A. that this was the time, if ever, for that associa- 
tion to undertake the task of putting forward a constructive detailed scheme 
for geometrical teaching. This suggestion was strengthened by the circula- 
tion of an important letter signed by 22 schoolmasters. Accordingly, at the 
general meeting of the M.A. in January, 1902—as the result of a discussion— 
a committee was formed, which broke into sub-committees on geometry, 
arithmetic, and algebra. 

Teachers feeling the necessity of being in touch with the new movement, 
joined the Association in considerable numbers. This is well shown in the 
graph shown at page 26, which has been drawn by Mr. H. D. Ellis. The 
membership continued to increase until 1904; it then remained stationary 
foratime. The subsequent steady increase has been largely due to the policy 
of making the Gazette known outside the Association, which was adopted by 
the Council in 1906. 

The committee issued their report in 1902, and this report and others on 
various topics have had a marked effect on mathematical teaching in this 
country. The influence of the Association through the Gazette now extends 
to all parts of the empire: an influence in great measure due to the energy 
and ability of our distinguished editor, who has been remarkably successful 
in keeping y oe a line of communication between the main body of mathe- 
matical teachers and some of the most eminent of British mathematical 
pioneers. The hope that the Association may long continue to have the benefit 
of his invaluable services is cherished by all its members. 

No article dealing with the work of the Mathematical Association can 
conclude without an expression of indebtedness to Mr. C. Pendlebury, who 
became honorary secretary of the A.I.G.T. in 1885, and has been in office 
ever since; and to Mr. Ellis, who became honorary secretary in 1900. 
These gentlemen have given their time and energy ungrudgingly to the 
Association, and have greatly helped to bring it to its present prosperity. 
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THE MATHEMATICAL GAZETTE. 


BIOGRAPHICAL NOTES. 
E. M. LANGLEY. 


Epwarp M. Lanetey was educated at what is now called the Bedford 
Modern School ; here, under the guidance of Mr. W. Finlinson, he imbibed a _ 
love for Geometry, which has remained with him through life and grown 
stronger with advancing years. The promise shown in 1875 by the Founda- 
tion Scholar of Trinity, Cambridge, was fulfilled in the eleventh Wrangler of 
the 1878 Tripos, who shortly after became the Senior Mathematical Master 
at his old school. 

As joint author of the Harpur Euclid—a pioneer work of great merit and 
originality—he showed his sympathy with “the new geometry,” and his faith 
iu the importance of introducing Descriptive and Projective Geometry into a 
school course. Mr. Langley’s brochure on The Graphic Treatment of Some 
Astronomical Problems (Simpkin & Marshall) is no doubt well known to 
many of our readers. His instinct for orientation and his desire for clearness 
sometimes take shape in stereoscopic slides (Underwood & Underwood) and 
sometimes in cardboard models, whose faces number anything from 4 to 60. 

At one time he took a great interest in the improvement of Arithmetical 
methods (A Treatise on Computation, Longmans), and it was largely due to 
his efforts, exerted through the A.I.G.T., that the so-called “shop” method of 
subtraction was introduced into elementary teaching—the term, I believe, 
originating with him. 

But the most prominent feature of his work, it seems to me, is the power 
and elegance with which he handles geometrical methods. His solution 
of a problem will be, for choice, purely geometrical, and always singularly 
neat—e.g. his recent proof of Pascal’s Theorem for the case of a circle ; and 
his demonstration of the circular locus of the centre of perspective when the 
picture plane is made to revolve round the axis of perspective may be 
instructively compared with the proofs given in Cremona (p. 12 and p. 98, 
Projective Geometry, 1885). J. P. Kirkman. 


W. J. GREENSTREET. 


W. J. GREENSTREET, descended from an ancient Kentish family, was the son 
of a Sergeant-Major in the Royal Artillery. He was educated at St. Saviour’s 
Grammar School, Southwark, whence he gained a sizarship (allotted for 
Classics and Mathematics) at St. John’s College, Cambridge. His chances in 
the Tripos were seriously interfered with by weakness of sight and by having 
to undertake “coaching” throughout the vacations, and his degree was in 
effect an wzgrotat. He held several educational posts before being appointed 
headmaster of the Marling School, Stroud (Gloucestershire), in 1891. This 
school illustrated in a striking form the difference between the ideas of a 
founder and a schoolmaster. To borrow an antithesis from Mr. Stephen 
Reynolds, the founder too often thinks of a school as a building in which 
there are boys and, incidentally, a few schoolmasters. The other view is that 
a school consists of men, and the boys whom they traiu, protected against the 
weather by tin sheds or some other form of shelter, preferably pleasing to 
the eye. The founder had provided a noble set of buildings, but the school 
was always hampered by lack of funds for staff and equipment. 

Mr. Greenstreet was largely instrumental in inducing the Clothworkers’ 
Company to give a scholarship, open to the county, and tenable at the depart- 
ment of Dyeing at the University of Leeds. The manufacture of broadcloth 
is one of the staple industries of Stroud, and the scholarship was—if we are 
not mistaken—invariably gained by a pupil of the Marling School. Other 
successes followed at Cambridge and London University, the most conspicuous 
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being that of Evelyn Lloyd Tanner, now Financial Secretary to the Govern- 
ment of Bengal—[8th Wrangler 1903, First-Class Nat. Sci. Trip. 1904, 
Bhaunagur Gold Medallist in the Indian Civil Service.] 

The following extract from a private letter gives some insight into methods 
which proved singularly successful : 

“The sole principles I kept in view were to create a love of mathematics for 
its own sake, and, as far as I could, to keep the historical side of the subject 
to the front. To boys with the literary or historical instinct, who at tirst 
showed little or no taste for mathematics, this introduction of the history of 
the science proved in many cases to be the lime which caught the bird. 
There was, now I come to think of it, also a firm belief, fully tested by 
results, in the wisdom of concentrating on one or two subjects at a time. A 
month in which all the mathematical lessons are given to mechanics gives the 
boy, at an earlier stage than is otherwise possible, a sense of power, and once 
the sense of power is created the machine works of itself. But all such 
concentrative or intensive effort was accompanied by liberal time for revision. 
We also did with the younger boys a considerable amount of oral blackboard 
work. If a man has ‘eyes behind his back,’ and an ear that can detect the 
shirker’s imitative efforts, he can carry a class along in this way at a great 
rate. Of course, such work was always severely tested in the home-work 
before the week had elapsed. I cannot think of any other conscious prin- 
ciples—I am not sure that I really considered them as principles. All I 
remember is that I never recollect having been glad when the hour was up. 
[ am almost inclined to believe that this was generally true in the case of 
many of the boys.” 

But the new regulations for County Council free places took away the best 
class of pupils from this as from so many other country grammar schools, and 
in 1910 Mr. Greenstreet felt, as sooner or later many so real teachers in this 
country are made to feel, that he was giving his best of heart and brain to no 

urpose, as regarded his own chances of livelihood and the prospects of his 
‘amily. 

Though taking a far larger share in actual teaching than most head- 
masters, Mr. Greenstreet had found time to carry out translation work— 
making Guyau’s Education et Hérédité, Poincaré’s Science et Hypothese, and 
Dastre’s La Vie et la Mort (all in the Contemporary Science Series), and other 
books, accessible to English readers. 

On his retirement he was presented with a handsome testimonial by the 
Governors of the Marling School, who realised that they were losing an 
educator—a man whose influence on the boys and the place was not measure- 
able by any tests which inspection or statistics could apply. 

Mr. Greenstreet for many years past has written for the Westminster Gazette 
most of its reviews of scientific works and the columns headed “ Recent 
Science.” He has worked for some years past, in conjunction with the late 
Lady Welby, at Significs, the technical name of a study which may some day 
co-ordinate the unconscious psychology of the born teacher with the specula- 
tions of the professional psychologist. 

Of Mr. Greenstreet’s work on the Gazette it is unnecessary to speak. No 
one has more resolutely refused to allow the London Matriculation or the 
Army Entrance Examination to be regarded as the ultimate purpose of school 
mathematics. None has done more to keep open a view of the distant 
prospect, or to secure sympathetic co-operation between the leaders of mathe- 
matical thought and us who are the rank and file. 

Some readers of the Gazette who are Masons will be interested to know 
that Mr. Greenstreet was twice Master of the Sherborne Lodge, Preceptor to 
both Stroud Lodges, Past Provincial Senior Grand Warden and Past Prov. 
Grand J. of Gloucestershire, and a member of the Orders of the Knights 
Templar and Rose Croix. 
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SOME PRINCIPLES OF MATHEMATICAL EDUCATION. 


Or all the problems which have perplexed teachers of mathematics in this 
generation, probably none has been more irritating and insistent than the 
choice of assumptions which must be made in each branch of the science. In 
geometry, in analysis, in mechanics, one and the same difficulty arises. Are 
we to prove that any two sides of a triangle are greater than the third / 
That the limit of the sum of a finite number of functions is equal to the sum 
of their limits? That the total momentum of two bodies is uninfluenced by 
their mutual action? And in every such case, on what is the proof to 
depend? A clear understanding of the answers to such questions, or better 
still, a clear understanding of principles by which answers may be found, 
would go far to co-ordinate and simplify elementary teaching ; the object 
of this paper is to state such principles, and indicate their application. 


Axiom, Postulate, Proof. 


It is first necessary to lay down definitions, as precise as may be possible, 
of the terms axiom, postulate, proof. It is not implied that these definitions 
should be insisted on, or the terms used, in elementary teaching ; nothing 
could be more likely to lead to failure. But a full comprehension of each is 
essential to every teacher of mathematics, and is too often lacking in current 
usage. 

An axiom, or “common notion ” in Euclid’s language, is a statement which 
is true of all processes of thought, whatever be the subject matter under dis- 
cussion. Thus the following are axioms: “If A is identical with B, and C is 
different from B, then C is different from A.” “If B is a necessary conse- 
quence of A, and also C of B, then C is a necessary consequence of A.” But 
“Two and two make four” and “The straight line is the shortest distance 
between two points” are not axioms, although they may be considered no less 
obvious. <A statement is not an axiom because it is obvious, but because it 
concerns universal forms of thought, and not particular subject matter such 
as arithmetic, geometry and the like. 

A postulate is a statement which is assumed concerning a particular subject 
matter; eg. “The whole is greater than a part” (subject matter, finite 
aggregates) ; “ All right angles are equal” (subject matter, Euclidean space). 
It is essential to observe that, whereas an axiom is an axiom once for all,a 
postulate in one treatment of a science may not be a postulate in another. 
In Euclid’s development of geometry, the statement that any two sides of a 
triangle are together greater than the third side is not a postulate, because it 
is deduced from other statements (postulates) which are avowedly assumed ; 
but in many current developments it is adopted at once, without reference to 
other statements, and is therefore a postulate in such cases. To use an 
unconventional but expressive term, postulates are “jumping-off places” for 
the logical exploration of a subject. Their number and nature are im- 
material ; they may be readily acceptable, or difficult of credence. Their 
one function is to supply a basis for reasoning, which is conducted in accord- 
ance with the axioms. Postulates are thus doubly relative ; they relate to 
one particular subject matter (number, space, and so on) and to one par- 
ticular method of viewing that subject matter. 

A statement which is deduced, by use of the axioms, from two or more 
postulates, is said to be proved. There is thus no such thing as absolute 
proof. Proofs are hector to the postulates on which they are based, and a 
demand for a proof must inevitably be met by a counter demand for a place 
to start from, z.e. for some postulates. When a statement is said to law 
been proved, what is meant is that it has been shown to be a logical conse- 
quence of some other statements which have been accepted; if these 
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statements are found to be incorrect, the statement which is said to be 
proved can no longer be accepted, though the logical character of the proof 
is in no way impugned. Thus the type of a proof is, “If A, then B”; relent- 
less and final certainty surrounds “then”; but A, which is assumed in the 
“if,” may nevertheless be utterly fantastic as viewed in the light of 
experience. 

The Three Functions of Mathematics. 


The first application of mathematics to any domain of knowledge can now be 
explained. Starting from postulates, the truth of which is no concern of 
mathematics, sets of deductions are evolved by use of the axioms ; agreement 
of the results with experience strengthens the evidence in favour of these 
postulates. If this evidence be deemed sufficient, as for example in geometry 
and mechanics, then deduction yields acceptable results which could not 
otherwise have been predicted or ascertained. 

It is here that the prevailing concept of the power of mathematics ends ; 
but such a concept presents a view of the subject so limited and distorted as 
to be almost grotesque. The process just described may be regarded as an 
upward development ; a downward research is also possible, and no less 
valuable. It consists of a logical review of the set of postulates which have 
been adopted ; in the result, either it is shown that some must be rejected, 
or the evidence in favour of all may be considerably enhanced. This review 
consists of two processes, which will be described in turn. 

It is first necessary to ascertain whether the set of postulates is consistent ; 
that is, whether some among them may not be logically contradictory of 
others. For example, Euclid defines parallel straight lines as coplanar lines 
which do not intersect, and proves in his twenty-seventh proposition that 
such lines can be drawn; for this purpose he uses his fourth postulate, which 
makes no allusion to parallels. If he had included among his postulates 
another, stating that every pair of coplanar lines intersect if produced 
sufficiently far, and had omitted his definition of parallel lines, his postulates 
would not have been consistent ; for the twenty-seventh proposition proves, 
that if the fourth postulate be granted, then the existence of non-intersecting 
coplanar lines must be admitted also. It is essential to realise that the 
contradiction implied in the term inconsistent is based on logic, not on 
experience ; assumptions which are contrary to all experience are not thereby 
inconsistent. There is nothing in logic to veto the assumption that, for 
certain types of matter, weight and mass are inversely proportional ; or 
that life may exist where there is no atmosphere, as on the moon. Such 
assumptions are not inconsistent with the other postulates of mechanics or 
biology ; they are merely contrary to all experience gained up to the present 
time. 

Here, then, is the second function of the mathematician ; the investigation 
of the consistence of a set of postulates, And the task is not superfluous. 
Physical measurements are perforce inaccurate, and a set of inconsistent 
assumptions might well appear to be consistent with actual observations. 
More accurate measurements must, of course, expose the discrepancy, but these 
may for ever remain beyond our powers; logic renders them superfiuous 
by demonstrating the consistence or otherwise of each set considered. 

The next investigation concerns the redundance of a set of postulates. 
Such a set is said to be redundant if some of its members are logical conse- 
quences of others. For example, any ordinary adult will accept without 
difficulty the properties of congruent figures, the angle properties of parallel 
lines, and the properties of similar figures as in maps or plans, regarding 
them as “in the nature of things.” And electricians may, by experiment, 
convince themselves first, that Coulomb’s law of attraction is very approxi- 
mately true ; and secondly, that within the limits of observation there is no 
electric force in the interior of a closed conductor. In neither the one case 
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nor the other need there be the least suspicion that the statements are 
logically connected, so that they must stand or fall together. Yet so itis, and 
the fact is expressed by the statement that the assumptions are redundant. 

The investigation of redundance, and the demonstration that sets of 
postulates are free therefrom, forms the third function of the mathe- 
matician. Its value, in connection with any subject matter to which 
it may be applied, may not at once be evident. It is based on the fact 
that all experiments, necessary and inevitable though they be, are never- 
theless sources of uncertainty ; it reduces this uncertainty to a minimum by 
removing the redundant assumptions into the category of propositions, and 
exposing the science in question as based on a minimum of assumption. And 
more; it can offer several alternative sets of assumptions for choice, that one 
being taken which is most nearly capable of verification. The labours of 
Faraday resulted in the offer of such a choice to electricians ; either, they 
were told, you can base electrostatics (inter alia) on Coulomb’s experiment, or on 
the absence of electric force inside a closed conductor ; it is logically immaterial 
which course you adopt. The latter experiment, being far more capable of 
accurate demonstration, is chosen as the primary basis for faith in the deduc- 
tions of electrostatics—-a faith which is, of course, strengthened as such 
deductions are found to accord with experience. But these considerations 
are for the physicist ; the task of the mathematician is ended when he has 
put forward, for choice by the physicist, alternative sets of assumptions which 
are at once consistent and free from redundance. In this way does he free 
the physicist, so far as may be, from the uncertainties of assumption, and 
assure him that no further increase of such freedom can be attained.* 

Such is the range of application of mathematics to other sciences. When 
completed it exposes each science as a firmly knit structure of logical reasoning, 
based on assumptions whose number and nature are clearly exposed ; of these 
assumptions it can be asserted that no one is inconsistent with the others, and 
that each is independent of the others. There is thus no fear that contradic- 
tions may in time emerge, and no false hope that one assumption may in time 
be shown to be a logical consequence of the others. Finality has been 
reached to demonstration. 

The acute critic may, of .course, ask the mathematician whether his own 
house is in order. What is the precise statement of the axioms which are 
the basis of his science, and can they be shown to depend on a set of 
consistent mental postulates, free from redundance? Here it need only be 
said that the labours of the last generation have done much to answer these 
questions, and that their complete solution is certainly possible, if not actually 
achieved ; to go further would be beyond the limits of this paper. 


The Didactic Problem. 


The complete application of mathematics to any branch of knowledge being 
thus exhibited, the didactic problem can now be stated in explicit terms. In 
any given science, geometry, mechanics, and so on, what is the right point of 
entry to the structure, and in what order should its exploration be made? 
What results should be regarded as postulates, and should their consistence 
and possible interdependence one on another be investigated before upward 
deduction is undertaken? Should the minimum number be chosen on the 
ground that the pupil should at once be placed in possession of the ultimate 
point of view? Or should some larger number be taken, and if so, on what 
principles should they be chosen ? 

Bearing in mind that the pupils concerned are not presumed to be adults, 
it is easy to indicate principles from which answers to such questions 


*The antithesis between mathematician and physicist does not imply that the functions 
are of necessity performed by different individuals; it is used merely to enforce the 
argument. 
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- may be deduced. One of the few really certain facts about the juvenile mind 
d is that it revels in exploration of the unknown, but loathes analysis of the 
known. It is often said that boys and girls are indifferent to, and cannot 
of appreciate, exact logic; that it is unwise to force detailed reasoning upon 
e- them. Few statements are farther from the truth. Logic, provided that it 
sh leads to a comprehensible goal, is not only appreciated, but demanded, by 
ot upils whose instincts are normal. But the goal must be comprehensible ; 
r- it must not be a result as easily perceived as the assumptions on which the 
ny proof is based. Let anyone with experience of examining consider the types 
ad of answer given to two problems; one, an “obvious” rider on congruence, 
nd involving possibly the pitfall of the ambiguous case ; the other, some simple 
ne but not obvious construction or rider concerning areas or circles. In the 
of former, paper after paper exhibits fumbling uncertainty or bad logic; in the 
ey latter, there is usually success or silence, and more usually success ; bad logic 
on is hardly ever found. The phenomenon is too universal to be comfortably 
ae accounted for by abuse of the teachers ; the abuse must be transferred to the 
at crass methods which enforce the premature application of logic to analysis of 
nek the known, rather than to exploration of the unknown. 
ich The natural order of exploration should now be evident. Let the leading 
ik results of the science under consideration be divided into two groups: one, 
ne those which are acceptable, or can be rendered acceptable by simple illustra- 
ich tion, to the pupils under consideration ; the other, those which would never 
ree be suspected and whose verification by experiment would at once produce an 
nd unreal and artificial atmosphere. Let the former group—which in Geometry 
would include many of Euclid’s propositions—be adopted as postulates, and 
hen let deductions be made from them with full rigour. Wherever possible, let 
ng, the results of such deductions be tested by experiment, so as to give the 
Piao utmost feeling of confidence in the whole structure. Later, when speculation 
and becomes more natural, let it be suggested that gratuitous assumption is 
lie. perhaps inadvisable, and let the meanings of the consistence and redundance 
amo of the set of postulates be explained. Finally, if it prove possible, let the 
een postulates be analysed, their consistence and independence be demonstrated, 
and the science exposed in its ultimate form. 
wn These second and third stages are even more essential to a “liberal educa- 
are tion” than the first, for they exhibit scientific method and human knowledge 
5 of in their true aspect. It is not suggested that they can be dealt with in 
» be schools, except perhaps tentatively in the last year of a long course. But it is 
hese definitely asserted that the general ideas involved should form part of the 
ally compulsory element of every University course, even though details be 


excluded, for they are of the very essence of the spirit of mathematics. The 
method of developing such ideas remains to be considered. 

It may be presumed that the pupils concerned have some knowledge of 
arithmetic, geometry, the calculus, and mechanics ; each subject having been 


eing developed from a redundant set of postulates. In which, then, of these four 
In branches is it most natural to suggest analysis of these assumptions ? 
it of Since analysis of the known may still be presumed to have its dangers, the 
ade ? branch chosen must be that one in which the investigation bears this aspect 
ence least prominently. Now the main ideas of arithmetic, geometry, and the 
ward calculus are so firmly held by boys and girls, that any attempt to discuss 
| the them in detail produces revolt or boredom. Such attempts account for 
mate much ; the writer can well remember his feelings on first seeing a formal 
what proof that the limit of the sum of a finite number of continuous functions is 
itself a continuous function ; and at the same time he realised to the full that 
lults, the proposition might well be untrue if the number of functions were not 
‘tions — Ground such as this is unfavourable for the development of this new 
; analysis. 
* = The same is by no means true of mechanics. Here the postulates, accept- 


able though they be, have been elucidated within the memory of the 
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pupils, and they may reasonably be asked to examine the facility with which 
these assumptions were made, and to consider whether the evidence can in 
any way be strengthened. This being done, the ideas of consistence and 
redundance can be developed, and some idea of the structure of a science 
imparted. Even then it may probably be wise to lay little stress on analysis 
of the geometrical postulates ; if the ideas are realised in connection with 
mechanics, we may well leave the seed to mature in minds to which it is 
congenial. 

In the view of mathematics here taken, its various branches are regarded 
as structures with many possible entrances, and the discussion has been con- 
cerned with the choice of entrance and the route to be taken through the 
edifice. We cannot hope that our pupils will ever know more than the out- 
line of each structure. Even we who are the guides cannot know each detail 
of any one ; the labyrinth is too vast. But the best guide to a structure is 
he who knows its main outlines most completely, and a teacher who has clear 
ideas of mathematical principles can do much, in leading his pupils through 
such avenues of the structure as they can attain, to give them a view of the 
whole. Of the import and beauty of this view more need not be said. 

G. St. L. Carson. 


ON A SYMBOLIC PROOF OF FOURIER’S THEOREM. 


1. Some time ago, when attempting to generalise certain methods of 
solving differential equations by operators, the writer came across the 
following mode of deducing Fourier’s Theorem symbolically. 

The method is so simple that it seems improbable that it should be 
unknown. The nearest approach to it known to the author, however, occurs 
in Oliver Heaviside’s Electromagnetic Theory, Vol. II. $§ 275 et seg., but the 
investigation there proceeds on somewhat different lines, and the inter- 
pretation of the operators used requires to be carefully defined. 

Under these circumstances the following deduction may not be without 
interest—although, naturally, like most symbolic proofs, it makes no pre- 
tence to rigour. 


2. We know that if 
be a differential equation, ¢(D) being a polynomial in D with constant 


coetiicients and D denoting the differential operator then, the most 


dx’ 
general solution of equation (1) being denoted by a (2), it is legitimate 
1 

if given its most general interpretation, will yield the mdst general solution 
of equation (1); and therefore, if we operate upon it with ¢(D), we shall get 
back the function f(x). 

The above result can be rigorously demonstrated when ¢(D) is a poly- 
nomial. Let us now assume it to be true when ¢(J) is a transcendental 


function, such that aH can be expanded in partial fractions. (See 


Whittaker’s Modern Analysis, Art. 74.) 
In particular, consider ¢(D)=sinh aD. 
We know that 


to develop in partial fractions by the ordinary methods. The result, 


n=l 
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Bow 1 1 f ‘ane } 


F(x) 


ints: 
=tie * | 
a, being an arbitrary lower limit. 
_ tame 


il a wy) dx. 

Bn being likewise arbitrary. 
Hence 


_ inna ox 


+e [ve « He)ae} ...(2) 


Now apply the + aba sinh aD to both sides, and assume this operator 


may be distributed between the terms of the infinite series on the right-hand 
side of (2). 


Consider now the effect of operating with sinh aD upon any function of «, 


say h(x). 
sinh aD. 
2 


by the symbolic form of Taylor’s Theorem. 
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Equation (3) therefore becomes 


FS) += +e jag 
UT | 


1 
(4) 


(1 +2% cos 


This equation holds for all values of «. 

Now let f(x) be a function either naturally periodic of period 2a, or else 
made artificially periodic by takivg the natural values of the function from 
—ato +a, and repeating those indefinitely. 

By a well known theorem, the integral of any periodic function taken over 
any one period is equal to the integral taken over any other period. Now, 


under the restrictive hypothesis just made, /(€) and cos (v8) are both 


periodic in of period 2c. Heuce f(£) fy +2 cos is periodic in 
Hence | 


and we have = f(x) = | cos 


dé, 


a 
which is Fourier’s Theorem in its usual form. 


3. The same method can be applied to find the development of /(«) 
from «=0 to =a ina series of sines (or cosines) of odd multiples of 7. 20. 
This is done by considering the identity 


aD{sech aD. 7(x)}, 


where in the last bracket sech aD is developed in partial fractions. 
It seems probable that this method might be successfully applied to 
discover other developments in series. . N. G. Finos, 


ON SURFACES TRACED OUT BY THE MOTION OF 
AN INVARIABLE CURVE. 


$1. Suppose that a curve T of constant shape moves in space so as to trace 
out a surface Y. The problem has suggested itself to various authors 
whether it is possible for IT to be always a line of curvature, geodesic, 
asymptotic line, ete., on S. The following elementary method of solving 
such problems may be of interest. 

Let (x, y, 2) be the coordinates of a point P on T referred to fixed rect- 
angular axes of reference, and let (£, », ¢) be the coordinates of / referred 
to moving rectangular axes a, b, ¢ rigidly attached to [, and meeting in the 
moving point 0. 

Then if (2;, Zs, 2s), mz, mg), (my, M2, M3) are the direction-cosines of 
a, 6, c, and (p,, ps, ps) are the coordinates of O, referred to the tixed 
reference-axes, 


We may suppose &, », ¢ functions of a parameter w, and the /’s, m’s, n’s, p’s 
functions of a parameter 7, which may be considered as the time taken by 
a, b,c to arrive at their present positions from standard positions. 

We denote differentiation with respect to wu and v by dashes and dots 
respectively. 


AR 
Se 


lots 


MOTION OF AN INVARIABLE CURVE. 


2 


§ 


2. We put o, for 


MYNy + = — — — ete., 
so that 1, =wgm, — ete. 
We also put V, for Ply + pols, 


and 4, B,C for 08, 


It will be readily seen that w,, w., w, are the angular velocities of [ about 
the instantaneous positions of a, b,c; and that V,, V., V; are the velocities 
of O, and A, B, C are the velocities of P parallel to these positions. 


$3. We have on the surface ¥, 
424+ 0%, + Bry 


If F=0 for all values of uw, each point P of 1‘ is moving perpendicular to 
the tangent at P. 


If EF —-FE=0, T is always a line of curvature on ¥. 
If E=0, T is always an asymptotic line on Y.* 


Tf AE + By + CC) — +? + AE’ + By’ + C6") = 0, 
F is always a geodesic on ©. 

The last two relations hold if and only if ? is moving perpendicular to the 
binormal or principal normal of F at P respectively ; as is geometrically 
obvious. 

The application of this is immediate. Suppose, for instance, we require 
the condition that [is always an asymptotic line. The fact that E=0 for 
all values of w gives us certain relations between @,, ws, 3, Vj, Vo, V3, 
which can be interpreted geometrically by the aid of § 2. For instance, if the 
ratios : V,: Vy: Vz are constant, [is being screwed with constant 
pitch about an axis rigidly attached to IT. This axis is therefore fixed in 
space, and > is a helicoidal surface. 


$4. If Tis a plane curve (not a straight line), we may suppose (=0. 
We readily see that I’ cannot be always an asymptotic line. 


If isa geodesic, 
This is obviously only possible in general for all values of w, if 


V, = 


Hence T is always instantaneously rotating about a line in its own plane.t 
In this case [ and the paths of each point of I are also lines of curvature. 
As another example, suppose I is the curve 


E=u', (=v. 


* See Frost’s Solid Geometry, Ch. XXIV. 
+See Bianchi’s Geometria Differenziale, § 317. 
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Then £=9u'+4u?+1, 
F= — wu! + 20,7 +(3V, +2Viut+ V3, 
E= — + (6, — ut + (6 V3 + 6u, — 203)u? +(-—6 1, +20.)u+2V,, 
F = — 30,04? + ( — 20,03 + 60,0.) + (— V, — 90 — 301? + 4057 — 4”) ut 
+ (60, +6e, 03 20,0.) 
+(—40, V1 +3, +30, V3 405 V3 — 
+(2w3 Vy — V2). 
Equating to zero coetticients of powers of wu in F, we see that, if each point 
of T moves perpendicularly to the tangent at P, 


03> | V,=0, w,=3 
and the surface S is a helicoid with the line @ as axis. 
The curve is always a geodesic on © if and only if 


OF OF 
— =9 
leading again to V,=V3=0, o,=3)}. 


Equating to zero the coefficients of powers of ~ in E, we see that the curve 

is always asymptotic if and only if 

and the surface is a helicoid with axis parallel to the bisector of the angle 
between a and 

Similarly F =0, ¢.e. the curve and the paths of each point form a conjugate, 
réseau, if and only if 

=.= V,=0, 
and the surface is a helicoid with axis parallel to ce. 

Equating to zero the coefficients of powers of u in EF — FE, we get ten 
relations between ,, ws, 3, V;, Vz, V3 which are inconsistent (unless these 
quantities are all zero). Therefore the curve cannot always be a line of 
curvature on any surface which it generates. 

As other examples the reader may take the case when I is a conic or an 
equiangular spiral. 

$5. The results of this paper may be at once extended to a surface traced 
out by the motion of any curve (uot necessarily invariable) by considering 
&, ¢ functions of both u and v. 

We have only to replace A, B, C by A+&, B+, C+(in Z, F, ete. 

For instance, in order to prove that no surface can have a family of right 
circular helices of given pitch for asymptotic lines, take £=a cos uv, » =a sin u, 

=atanau, where a is « function of v only. 

Then E=0, gives 

V,;=V,=0, V3;=aw, tana. 


(Ex.—When are such helices geodesics ?) Harouip Hitroy, 


A PROBLEM IN PROBABILITY. 


1. In the Greenwich meteorological observations, Table XIIT. gives the 
excess of the arithmetic mean of the daily maximum and minimum over 
the true mean daily temperature for each day in the year. 

It is noticed that the table contains several very long runs of + or of —, 
and the following questions are suggested ;— 


‘ON. 
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Assuming that the probability at a single trial of obtaining + or —, Head 
or Tail, or (say) @ or ), is 3: 
(i) What is the chance in a set of x trials that the number of sequences 

of consecutive heads and tails should be 7? 

(ii) What is the average number of sequences of which a set of n events 
will be composed ? 

(iii) How many sequences or runs will there be of just 1, just 2, ... just p 
consecutive heads or consecutive tails ? 

(iv) What is the average number of heads or tails in a sequence ? 

The answers may be of some interest in any physical investigation in which 
results are grouped about a mean. 


It is not intended to assert that the Greenwich meteorological table 
furnishes such a case. 


It appears odd that so comparatively simple a problem should not have 
been discussed, but I have not found any previous mention of it. 
2. The following results will be proved : 
(i) The chance of there being exactly 7 sequences in the set of x is 
2" 


(ii) The average number of sequences in the set is ** A 


(iii) The number of sequences of p in the complete total of 2” x 7 possible 
sets of n events, each set of x being treated as distinct from the rest, is 


2"-1-P(n+3—p) 
for values of p from 1 to n-1. 
For p=2 obviously the number of sequences is 2. 


(iv) The average number of heads or tails in a sequence is ..m 


n+1 

3. Consider 2 places, in each of which is to be written a or 6. 

Between the 2 places are n—1 gaps. 

Consider the sign | denoting ‘change.’ 

Enter 7—1 of these signs in the n—1 gaps. 

This can be done in ;-4C,-1 ways. 

Then a scheme has been formed for constructing sets containing 7 sequences. 

Begin by putting a in each place until the first | is reached, then put 6 in 
each place, changing to a at the next |, and so on. 

Repeat, beginning with 0. 

All the sets containing exactly 7 sequences have thus been formed, and 

The mean value of 7, that is the number of sequences to be expected, is 


n—-1l.n—2 (n—1)...(n—r+1) 
1+2(n-1)+3 3 (=I)! +... 
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/ 
The chance of there being exactly 7 sequences is 


4. Combining the facts that there are 2” x x letters in all the possible sets 
and 2”-!(n+1) sequences, 


the average length of a sequence is s i 
n 


, tending to 2 asa limit. ...(3) 


5. Lastly, consider all the 2”-! sets of n—1 letters arranged in dictionary 
order. To each prefix a, and then to each prefix b. We have then the 2” 
sets of n letters in dictionary order. 

Denote by (x, p) the whole number of sequences of p (initial and non- 
initial) in all the distinct sets of x letters, and by (x, p)’ the number of initial 
sequences of p. 

Then obviously (x, p)=2(n-1, p)+(n—-1, p—1)'-(n-1, py 


for a non-initial sequence of p in the x—1 letter dictionary is repeated twice 
in the x letter dictionary ; an initial sequence of p is repeated once only ; 
and an initial sequence p—1 in the x—1 letter dictionary gives rise to one 
initial sequence of p in the x letter dictionary. 


Now (n, py =2 x 2"-P-1=Q"-P ; 


a b 
for putting down the letter or} P times and the letter ora Once, the 


remaining x—p—1 letters may be indifferently a or b, and may therefore 
be entered in 2"-?-! ways. 


Now assume that (n-1, 

Then (n, p)=2 x 
= 2"-1-P(n+2 —p)+2"-1-? 
=2"-!-?(n+3—p) 


for values of p from 1 to n—1 inclusive ; so the correctness of this formula is 
proved by induction, after the verification for n=4, n=3. 

For p=n, the distinction between initial and non-initial sequences of p 
ceases to hold ; the result is 2, as already noticed. 


6. Taking a set of x results as a typical average of the 2” sets of possible 
arrangements of z letters each consisting of a’s and b’s, we may expect 


n+l1 


Sequences, 


including 


C. Jackson. 
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A GRAPHIC SOLUTION. 


A GRAPHIC SOLUTION OF THE EQUATION 


THE usual method of solution by means of a fixed curve and varying line 

is to draw the curve y=2", and find where it is cut by the line y=pz—g. 
The following method is quicker, and has some aspects of theoretic interest 

to recommend it. It consists in taking p, g as coordinates, and in drawing 


the curve given by the parametric equation? 
g y I q te, 


which is the condition that the given equation (1) shall have equal roots. 
This discriminant is the fixed curve, from which the solutions of (1) for any 
given values of p and q are obtained. The solution depends on the fact that 
the tangent to (2) which passes through the point (p, g) has the gradient -. 
This I now proceed to prove, and to avoid confusion between current co- 
ordinates ull the particular values of p, g in question, the current coordinates 
will be denoted by x, 7. 
Then, for any point on the discriminant, 


Equating this gradient to (n—1)e"-¢ which is the gradient of the line 
n — 


joining (p, q) to the point of contact, we obtain 
nz" —pz=(n—1)2"-q, 
2"—pz+q=0, 
which establishes the theorem. 

I have applied the method to the cases of the quadratic and cubic, and on 
good squared paper the roots can be read to 3 figures with but a slight 
doubt in the last figure. 

In preparing the diagrams it is not necessary to draw much of the 


discriminant itself: it is better to draw a standard set of tangents to this 
curve. This is done by noticing that 


(p-2")=9, 


1 _ —the gradient of the tangent, 


p-s 
so that the tangents are quickly drawn for standard values of z by starting 
from the point (z”"?, 0) and finding points on the tangent whose ordinates are 
2, 2z, 32... for a succession of unit steps in the +. direction. The tangent is 
drawn through these points. In this way a whole series of tangents are laid 
down, and it is easy, by using a thread, to lay down (in accordance with the 
series) any tangent required for the solution of any special equation corre- 
sponding to given values of py and q which are within the limits of the paper. 
To facilitate still further the reading of z from the thread, it is well to draw 
a curve through the points (z’-'+1, z) already marked on the standard 
tangents, and then the ordinate of the point on this curve through which 
the thread passes is the value of z required. In the case of the quadratic 
2—pz+q=0 this locus need not be used, as the root is the intercept on the 
w-axis. But the locus in this case is the standard tangent through (1, 0), and 
is therefore available if wanted. This may be called the prime tangent. 
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THE DIscRIMINANT CURVE p*=4q, =4y. 


The tangents to the curve which 


pass through (p, qg) cut the axis of Notr.—When (p, q) is beyond 

x in points whose abscissae are the the diagram, find the roots given , 

roots of the equation by tangents through (f i), and ‘ 
2 -pz+q=0. 


The tangents also cut the stan- multiply the results by &; for 
dard tangent through (1, 0) in 2 plz q 

points whose ordinates are the k 30 a 
required roots. | 


Mr. LopGE’s DIAGRAM FOR THE SOLUTION OF QUADRATIC EQUATIONS. 
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A GRAPHIC SOLUTION. 


If (p, 7) is not on the paper, we can solve the equation 


z q_ 
(3) 


by making the thread pass through (F:» £). Then the half root is read, 


or, by drawing a second locus given by (z"-!+2, 22), which is obtained by 
joining the second set of points already marked on the standard tangents, 
we can read off the actual root, viz. the ordinate of the point where the 
thread cuts this second locus. 


More generally we can obtain . by making the thread pass through 
( iE» it) and reading on the first locus, & being any convenient number. 


The chief beauty of this method lies in the fact that the position of (p, ¢) 
reveals at once the nature and number of the real roots of the equation, as 1s 
of course evident from the fact that the foundation curve is the discriminant. 
But the rapidity and accuracy with which the roots are obtained is another 
charm. 

It may be observed, and is easy to prove, that all the auxiliary curves 
(2"1+1, 2), (2"74+2, 22), ...(2’1+4, kz) touch the discriminant, the abscissae 

n Qn kn 
n—-V 

The diagram on p. 42 for the solution of quadratic equations has been 
inserted to enable any who are interested to use it to obtain the roots of any 
such equations in which p and q are sufficiently small to come within the 
limits of the paper. It can be done at once with a pin or compass point and 
a thread. For example, to solve z?—3x7—1=0, put the pin at (3, —1) and 
lay the attached thread so as to touch the curve, or, in the case of the 
positive root, so as to lie along the tangent system. The positive root is 3:3, 
and if we read the negative root on the prime tangent we see at once 
that it is —°3, approximately of course. 

The quadratic diagram has been chosen partly for the sake of comparison 
with the method explained by Mr. Jackson below, and also because it is so 
easily tested by calculation. But the cubic is more important, because its 
non-graphic solution is not so easy. I have drawn the cubic diagram on 
squared paper, taking an inch to a unit, and find it gives the roots with 
great accuracy. 

Mr. C. 8. Jackson tells me that Prof. d’Ocagne has invented what may be 
called a reciprocal method of graphic solution, analogous to the above, points 
taking the place of lines, and lines replacing points. At my request he has 
appended an account of the method with special reference to the solution of 
the quadratic equation 2+uz+v=0. M. d’Ocagne’s system of line coordinates 
is based on the use of two parallel lines as axes, values of « being measured 
on one of these axes, and values of y on the other. Hence «=0, y=0 are two 
origins, instead of two axes as in cartesian coordinates, and the line (0, 0) is 
the line passing through the origins. Similarly the line (a, b) passes through 
the points =a, y=b. The point of intersection of two lines (a, b) and (ce, d) 
is given by the equation = and so on. 

Mr. Jackson’s note on the way in which M. d’Ocagne uses the method to 
solve quadratics graphically is appended overleaf. A. Lopce. 
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M. D’OcaGnr’s DIAGRAM FOR THE SOLUTION OF 


QUADRATIC EQUATIONS. 
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1. The transformation by the principle of duality of Professor Lodge’s 
nomograph for the solution of the quadratic leads to M. d’Ocagne’s solution. 
The point locus of M. d’Ocagne corresponds to Professor Lodge’s envelope 
locus. 

2. Taking two parallel straight lines and a fixed transversal O00’ (usually 
perpendicular to both), the intercepts OA, O’B cut off on the parallels by 
any straight line AB are the coordinates (uv) of AB. 

[CuastEs, Corr. Math. Quetelet., vi. 81.] 

3. A linear equation connecting uv, e.g. 2u+3v=1, is the equation of a 
point. In.other words, every line whose coordinates satisfy the equation 
Au+pv=1 passes through a fixed point /?, if A and p are constants. This 
is easily shown. 

4. If A and p are each functions of a parameter z, the locus of P for 
varying z is a curve, with each point of which is associated a value of 2. 

5. Consider the quadratic 


Writing it u(-t)+0(-4)=1, 
the locus of P is in fact an hyperbola which may be readily drawn by points 
as the intersections of OSD) (1) 


the intersection giving the point z. 

The lines (2) are all parallel, so the construction is facile. 

The curve is also the envelope of w= — 22, v=2. 

The diagram on p. 44 shows the curve and the solution of 2? —-37+2=0. 

The root #=7 of #?—62—7=0 is also shown. To obtain the other root, 
we solve z?+6x7—7=0, and change sign. 

The following example may interest beginners : 

Prove that the straight line joining (0, g) to (1,p+q) meets 2?=—y in 
points whose « coordinates are the roots of 2+pz+q=0. 


MATHEMATICAL NOTES. 


387. [L'. 1. ¢.] Proof of Pascal’s Theorem when the angular points of 
the hexagon ABCDEF lie three on each of two straight lines CAEL, BDF. 
Join AD, BE, CF. 
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Draw AP, CV, ES||BDF meeting CD, AF, BC in P, V, S and DQ, 
BT\|\CAE meeting AF, FE in Q, 7. 
Let ZS, BT cut AB, DE in RK, UV. 


AP||FD, AFNP=AAND. 
ACNQ=AAND. 
ACNQ=AFNP; PQ\|CF. 


Similarly S7, 72, RU||CF, FA, AD respectively. 

. quads. APQD, RSTU are similar and similarly placed, and have L 
for centre of similitude. 

But MW is centre of similitude for As RST, CVF, and WV is centre of 
similitude for As APQ, CVF. 

*. L, M, N, are collinear. 


Notre.—The property of a quadrilateral used in the above demonstration 
was communicated to the Educational Times and published as question 9681 
(Aug. 1888) in the following form: ‘AC, BD are diagonals of a quadrilateral ; 
AF parallel to BC cuts BD in F'; BE parallel to AD cuts AC in £. Show 
that LF is parallel to CD.” It is interesting to mwotice that in the above 
figure it applies to five different quadrilaterals. 

It was published in 1891 “for the first time” by R. H. Graham (Geometry 
of Position, pp. 106-110), and used to demonstrate the reciprocal property of 
Force and Funicular Polygons in the case of a triangular framework in equi- 
librium under forces at its corners. Constructing the figure to question 9681, 
it is easy to see that if BCD is a framework in equilibrium under the action 
of forces at its corners whose lines of action pass through A, then ABEF 
is a force diagram for the external forces and the strains, and that con- 
versely, if ABZ is a triangular framework in equilibrium under forces at its 
corners through F, then ABCD is a force polygon for these forces and the 
external strains. The property may have been first noticed in consequence 
of its connexion with statics ; on the other hand, it may have been suggested 
by the common alternative constructions for getting a triangle equal in 
area to a given quadrilateral ABDC. 


For each of the triangles CFD, CED being equal to the given quadrilateral, 
the parallelism of ZF, CD follows at once. E. M. Lanetey. 


388. [K. 2. e.] An infinite number of triangles can be inscribed in a 
circle O(2) and described about a circle J(r\, provided OJ?= R? —2Rr. 

On O(R) take any point A, and draw tangents AB, AC to J(r). Let BI, 
CI meet the circle O(2) in B’, C’ respectively. 
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Then, since BI. IB’ = R?- OF’ =2Rr 
and Bl=r/sin 6, 
. Bl=2Rsin 0=B A. 
So CT=C 


A A 
Hence BC’ bisects AJ at rt. Ls, so that B'C’A=BC'C. 
BBC=B'BA; 
.. BC touches W. GALLATLY. 
389. [L’.1.4.] The following is suggested as an alternate version for M. 
Andrade’s Note 371, vol. vi. p. 286. Let P be any point on a given 
circum-conic to the triangle ABC; and let BP, AC intersect in Q and CP, 
AB in U. 
U 


BC passes through the pole of QU, for the intersection of BC, AP is the 
pole of QU ; therefore QU passes through the pole £ of BC, a fixed point. 


Hence B{P}={Q} on AC 
={U}on AB, since EZ, Q, U are collinear, 
=C{P}. R. F. Davis. 
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390. [K.1.c; K. 20.e.] Note on the Pedal Triangle. 
I have found the following method useful in dealing with the elements 
of the Pedal Triangle. 
A 


Cc 


It may readily be shown that the triangles AVM, BNL, CLM are similar} 
to the whole triangle ABC and to each other. 

In the triangles AVM, ABC we see that corresponding sides are as 
AN : AC, 7.e. as cos A : 1}. 

Hence MN=acos A, NL=bcos B, LM=ccos C. 

The radii of the escribed circles of the pedal triangle are the altitudes 
of the triangles AVM, BNL, CLM respectively : but these are proportional @ 
to AL, BM, CN. 


Hence p,;= AL cos A cos A=2Rsin Bsin Ccos A. 


AP is the diameter of the circumcircle of AWN ; 
 =2Reos A. 
The area of the pedal triangle 
=A ABC-A ANM- 4 BNL-ACLM 
=A ABC(1—cos* A — cos? B cos? 
=2Scos A cos Beos 


The points A, B, C, P are related so that any one is the orthocentré 
formed by the other three; also these triangles have a common pedal 
triangle. Since the diameter of the circumcircle of the pedal triangle is 
equal to the radius of that of the original triangle, it follows that thej 
cireumcircles of these four triangles are all equal. C. H. Ricnarps 


391. [A.] The following are suggested as symbols possibly worth adding 
to those already made. 


approximately equal to - 
greater than bnt approx. equal to 


less than but 
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